Let B denote a one-dimensional Brownian motion started from 0 and L its local time process at level O. For fixed Il > 0, the perturbed reflecting Brownian motion X is defined for all t 0 by It has aroused some interest in the last few years (see , Yor [13] , chapters 8 and 9, Carmona-Petit-Yor [2], Perman [8] ). We are going to make a few remarks concerning this process and give short elementary proofs of some known results, such as the generalized Ray-Knight Theorems for X. Let us just stress that none of the results derived here is new, and that our modest aim is to shed a new light on them, which we hope can improve our understanding of these identities.
O. Introduction
Let B denote a one-dimensional Brownian motion started from 0 and L its local time process at level O. For fixed Il > 0, the perturbed reflecting Brownian motion X is defined for all t 0 by It has aroused some interest in the last few years (see Le Gall-Yor [7] , Yor [13] , chapters 8 and 9, Carmona-Petit-Yor [2] , Perman [8] ). We are going to make a few remarks concerning this process and give short elementary proofs of some known results, such as the generalized Ray-Knight Theorems for X. Let us just stress that none of the results derived here is new, and that our modest aim is to shed a new light on them, which we hope can improve our understanding of these identities.
We now recall a few relevant facts: For all a E R, T a = inf {t 0; X, = a} will denote the hitting time of a by X. Except when Il = 1, X is not Markovian; however, for a > 0, T_ a is the hitting time of a/Il by L and hence a stopping time for B. The strong Markov property then yields that the processes (X t , t 0) and (a +XHT_., t 0) have the same law. We will refer to this property as the 'strong Markov property' for X.
Note also that for Il = 1, Levy's identity (that is: if St = sUPs<t B., then the processes (S,S -B) and (L,IBI) have the same law) shows that X is in fact a Brownian motion.
A hitting time property
In [11] , we used the following result: For all a > 0, b > 0,
This is a generalization of the classical hitting time property for Brownian motion (which is in fact (1) for fl = 1): (2) where o-x = inf{t > 0, B, = x}.
In [11] , we derived (1) from the explicit law of LT 1 derived by Carmona-Petit-Yor [2J (corollary 3.4.1 there) (one has P(T_ a < n) = P(Lr. > a/fl)). As briefly pointed out in [2] , the law of LT 1 (and therefore (1)) is in fact also a direct consequence of the explicit solution to Skorokhod's problem by Azerna and Yor [IJ (see also exercise (5.9) chapter VI in Revuz-Yor [10] ) in a very special case: One just has to compute the right-hand side of (5.9) in [10J for an affine function, and then use Levy's identity. We now give an alternative elementary short proof of (1): First, for all x ;::: 1 we put 
Moreover, g is continuous decreasing on [1, 00) and g(l) = 1. Hence, for some fixed
It now remains to show that C = 1/u: We look at the asymptotic behaviour of
On the other hand, Levy's identity implies that and consequently (using (2)), f(x) 1/(flX) as x -+ 00, and (1) follows.
2. The generalized second Ray-Knight Theorem as a consequence of (1) In [2] (see also Yor [13] , chapter 9), Carrnona-Petit-Yor have derived a generalized second Ray-Knight Theorem for the local times of X (Theorem 3.3 in [2] , Theorem 9.1 in [13] ; we refer to Yor [13] , chapter 3 or Revuz-Yor [10] , Chapter XI for the RayKnight Theorems for Brownian motion). They then derive the law of L T 1 (which implies (1)) as a consequence of this Theorem. We now briefly point out how this generalized second Ray-Knight Theorem for X can in fact be derived 'backwards', as a consequence of (1), using a general result of Lamperti [5] on semi-stable Markov processes we first recall.
Suppose (yt, t 0) is a non-deterministic continuous Markov process in [0,00), started from x E [0,00) under the probability measure P x • Suppose furthermore that Y is semi-stable of index 1 (in the sense of [5] [14] ). Hence, y = 1 and 5 = 2 -2/J.1, which completes the proof of the theorem.
The generalized first Ray-Knight Theorem
We now briefly point out how the same approach also yields the generalization of the first Ray-Knight Theorem for perturbed reflecting Brownian motion derived by Le Gall-Yor [6] (see also Yor [13J, Section 3.3). However, in this case, the original proofs are shortish anyway. On the other hand, (4) implies that (using the same notations ,\ as in (4)),
Theorem (Le Gall-Yor
and the Theorem follows.
The discrete approach
We now mention an approximation of X by a random walk, which converges towards perturbed reflecting Brownian motion as the simple random walk does towards Brownian motion. We define (Sn, n :2: 0) as follows: We fix p, > 0 and we put 
Using for instance Levy's identity and Proposition 2 page 137-138 in Revesz [4] , one can show that the processes p, as p -t 00, which yields (1).
